ABSTRACT Morphogen gradients, which provide positional information to cells in a developing tissue, could in principle adopt any nonuniform profile. To our knowledge, how the profile of a morphogen gradient affects positional precision has not been well studied experimentally. Here, we compare the positional precision provided by the Drosophila morphogenetic protein Bicoid (Bcd) in wild-type (wt) embryos with embryos lacking an interacting cofactor. The Bcd gradient in the latter case exhibits decreased positional precision around mid-embryo compared with its wt counterpart. The domain boundary of Hunchback (Hb), a target activated by Bcd, becomes more variable in mutant embryos. By considering embryo-to-embryo, internal, and measurement fluctuations, we dissect mathematically the relevant sources of fluctuations that contribute to the error in positional information. Using this approach, we show that the defect in Hb boundary positioning in mutant embryos is directly reflective of an altered Bcd gradient profile with increasing flatness toward mid-embryo. Furthermore, we find that noise in the Bcd input signal is dominated by internal fluctuations but, due to time and spatial averaging, the spatial precision of the Hb boundary is primarily affected by embryo-to-embryo variations. Our results demonstrate that the positional information provided by the wt Bcd gradient profile is highly precise and necessary for patterning precision.
INTRODUCTION
Morphogens are molecules that form concentration gradients to provide positional information to cells, thereby instructing them to adopt distinct developmental fates (1) (2) (3) (4) . Although many molecules have been suggested to possess properties expected of morphogens, only a few have been quantitatively characterized with experimentally observed data (5) (6) (7) (8) (9) . All of these characterized gradients follow an exponentially decaying function of distance x, where the morphogen density obeys B ¼ B 0 e -x/l , but with distinct decay lengths l and amplitudes B 0 . In principle, morphogen gradients could assume any nonuniform profile and, in fact, it has been suggested (10-13) that certain profiles of morphogen gradients may have properties that are advantageous for specific tasks, such as buffering embryoto-embryo variations (11, 12) or size scaling (10) . Understanding how morphogen gradients work and how precisely they provide positional information is an important biological and theoretical problem that has attracted considerable interest (14, 15) . In this report, we describe experimental and theoretical studies to analyze how the profile of a morphogen gradient affects its ability to confer precise positional information during development.
Bicoid (Bcd) is a Drosophila morphogenetic protein that instructs patterning of the anterior structures by activating specific target genes in the embryo (16) (17) (18) . One such target is Hunchback (Hb), which is responsible for thoracic formation and is expressed in approximately the anterior half of the embryo. In wild-type (wt) embryos, the Bcd gradient fits an exponential function along the anterior-posterior (A-P) axis. In this article, we report a variant form of the Bcd gradient in mutant (nejire; nej) embryos lacking an interacting cofactor. We show, experimentally, that this new gradient provides less precise positional informationa defect that becomes more pronounced toward mid-embryo.
We develop a theoretical model to calculate the precision of domain boundaries for targets activated by Bcd, where, for the first time, to our knowledge, we dissect the fluctuations into all the relevant components, both external and internal. The results of our model calculations for the precision of these domain boundaries are in broad agreement with experimental values. Importantly, we find that both time and spatial averaging are essential in reducing the effect of internal fluctuations on the precision of Bcd target domain boundaries. Although internal fluctuations are the dominant source of noise in the Bcd input signal, due to time and spatial averaging, embryo-to-embryo variations become the main limiting factor on the precision of the Hb boundary readout.
The positional information provided by a gradient clearly depends on the density fluctuations and slope. Nevertheless, it is not obvious that the target boundary precision also depends sensitively on these parameters, inasmuch as the precision of target responses could, in principle, be achieved predominantly through other means, such as downstream cross-regulation. However, our results for the precision of the Hb boundary, along with an analysis of the precision of another Bcd target, Orthodenticle (Otd), support the hypothesis that the defect in Hb boundary positioning in nej embryos directly results from an increasing flatness in the Bcd gradient profile toward mid-embryo when compared with its wt counterpart. This represents a further experimental demonstration, in addition to staufen (6), of increased target boundary variations directly caused by altered Bcd gradient properties. Our results, particularly the reduced positional precision in nej embryos with a perturbed Bcd profile, provide evidence that highly precise positional information is supplied by the wt Bcd gradient to its downstream targets, as proposed by Gregor et al. (5) .
RESULTS

Experimental quantification of the wt Bcd profile
To experimentally probe the precision of the Bcd-Hb system, we stained wt and mutant (see below) embryos with antibodies against Bcd and measured raw fluorescent intensities along the A-P axis at early nuclear cycle 14. To further increase the accuracy of our measurements and facilitate our theoretical studies, we split these embryos into early and late subgroups, and analyzed their respective data separately (see Materials and Methods in the Supporting Material). Fig. 1 , A and B, shows plots of the mean values of the Bcd fluorescent intensities (with the average background subtracted (6)) as a function of fractional embryo length x/L for the wt early and late subgroups, respectively. In the region of 0.19 < x/L < 0.49, the two fluorescent intensity profiles are very well fitted by exponentials of the form Fig. 1 , A and B (see the Supporting Material for further detail). In our analysis, we avoid fitting close to the anterior end (where the profiles deviate from an exponential) and past mid-embryo (where the densities become too low for reliable fitting). Consistent with live-imaging results (19) , the fluorescent intensities in the late subgroup are systematically lower than in the early subgroup.
Dissecting sources of fluctuations that contribute to wt Bcd gradient variations Fig. 2 , A and B, shows the standard deviation of the (background-subtracted) Bcd intensities dB as a function of relative A-P position x/L for the wt early and late subgroups, respectively. To calculate these intensity fluctuations, we developed a theoretical approach by considering the following potential sources of error: external embryo-toembryo fluctuations in B 1 and L, internal fluctuations due to the low copy number of Bcd molecules in the measuring volume, and fluctuations due to our experimental measurement process. Note that we do not attempt to subdivide the embryo-to-embryo fluctuations, into, for example, variations in the Bcd translation, degradation, or diffusion rates. At present the mechanism by which the Bcd gradient is established is not sufficiently well understood (to our knowledge) to permit this dissection (5, (20) (21) (22) (23) ; instead we simply treat the profile as a given, with the above types of fluctuations.
Embryo-to-embryo variations
In our fitting to the experimental data, we find that B 1 and L are not independent variables. This dependency is supported by experiment (see Manu et al. (24) , and dependency is not unexpected: in a model where Bcd is produced at the anterior at rate J, diffuses with diffusion constant D, and is globally degraded at a rate m, we have
We emphasize that we are not endorsing such a model; we simply wish to point out that a dependency of B 1 on l is not unexpected. We assume that the variables are separable, thus
ind is the contribution to the measured intensity at x/L ¼ 0.19, which is independent of L. The relative intensity fluctuations due to external fluctuations in B 1 and L are (to leading order)
where
f ðLÞ describes the B 1 -L correlation (and is an additional fitting parameter within our analysis) and y ¼ x/L -0.19.
Internal fluctuations
The observed intensity profiles also contain fluctuations due to internal stochastic processes, dB int . Assuming first of all that the particle number fluctuations are described by Poisson statistics (13, 25, 26) , then
The constant V encapsulates two contributions: the measuring volume used in the experiments and a conversion factor from Bcd number density to Bcd intensity. Furthermore, if we relax the Poisson assumption, and assume that the particle number variance is only proportional to (and not equal to) the particle number, then V also absorbs the constant of proportionality. The value of V is kept constant between early and late times and, furthermore, is also constant between wt and nej embryos. Substituting B ¼ B 1 exp(-y/L), we have (25) 
Such stochastic processes contribute an independent source of error to the observed variance in intensity. Because the experiments took snapshots of the Bcd intensity distribution, there is no time (or spatial) averaging.
Measurement fluctuations
There are fluctuations in the observed intensities due to errors in the measurement process. Because we subtract the average background level from the raw intensities, there is error due to fluctuations in the background measurement. In addition, imaging and processing noise in the experiments result in additional fluctuations. These sources of error are discussed in detail elsewhere (6, 26) . We include these three sources of error (background, imaging, processing) within a measurement noise term, dB meas , whose size (which we measure) is small in the region x/L < 0.5 (see Fig. S1 A).
For our analysis, we use dB meas /B ¼ a þ by, where a ¼ 0.013 5 0.006 and b ¼ 0.058 5 0.008 are fitted parameters from Fig. S1 A. We note that this form for dB meas /B is found from considering all the above three contributions to the experimental error in the region x 1 < x < x 2 , rather than just the correction due to background fluctuations (in which case, we would expect dB meas /B f B À1 ). However, there are still measurement fluctuations unaccounted for in dB meas , including, for example, fluctuations due to embryos having different permeability and consequently different observed intensities. Such fluctuations, in our analysis, are contained with dB ind 1 . Hence, dB ind 1 should not be viewed as solely due to external embryo-to-embryo fluctuations in the Bcd density. But we expect such additional sources of error to be small under our current experimental conditions (6) , where Bcd intensity variation between neighboring nuclei in a single embryo (which is not affected by embryo-to-embryo variation in permeability) is comparable to embryo-to-embryo Bcd intensity variation (which does include such an additional source of noise).
Combining the sources of noise
Having taken into account the correlations between B 1 and L (with an additional parameter a 1 ), we have four independent contributions to the observed fluctuations. Hence, summing the variances of the independent contributions,
the relative Bcd intensity fluctuations for the wt embryos are dB
Here, (dB/B) wt is a function of position and is used to fit the experimentally observed dB fluctuations and the corresponding positional error using Eq. 3 (see below). The terms dB ind 1 =B ind 1 , a 1 , dL/L, and V are the four fitting parameters, where the same values are used to fit both the observed intensity fluctuations and relative positional errors. As shown in Fig. 2, A and B, when we compare our theoretical analysis to our experimental observations, we find an excellent quantitative fit of dB to the data for both early and late subgroups. We emphasize that, due to the specific functional forms of the different terms in Eq. 2, each fitting parameter in Eq. 2 is necessary for fitting the experimental data and therefore we are not overfitting the data. We discuss this parameter fitting procedure in detail in the Supporting Material together with a presentation of the parameter values. We note that our parameter values are consistent with previous experiments, particularly an observed~10% fluctuation in the Bcd gradient (19) and correlations between L and B 1 (24) .
We find that internal noise constitutes 68% (early) and 61% (late) of the overall variance (dB) 2 near mid-embryo (x/L ¼ 0.43). At this position, external fluctuations make up 28% (early), 36% (late), and measurement noise 4% (early), 3% (late). The importance of internal fluctuations is perhaps unexpected, because we are considering a relatively large measuring volume, of~200 mm 3 (see the Materials and Methods in the Supporting Material) with a relatively high copy number of Bcd molecules. However, the overall high precision of the positional information encoded by the Bcd gradient, together with the absence of time/spatial averaging in the acquisition of the Bcd staining data, heightens the importance of the internal noise.
Positional precision of the Bcd gradient
We now examine the precision of positional information encoded in the Bcd gradient. Experimentally, this was performed as follows. For each subgroup, we used the mean Bcd gradient averaged over all the individual embryos to find the mean position where the profile passed through a particular concentration threshold. We then examined where each individual gradient from a single embryo passed through the same threshold to build up the relative error in positional information as a function of position. With this scheme, we did not have to make assumptions about the gradient profile when analyzing our experimental data. The results are shown for the wt early and late subgroups in Fig. 2 , C and D, respectively. Theoretically, it is straightforward to convert the variations in fluorescent intensities dB (fitted above) into a positional error W Bcd, using the formula
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where B 0 (x) is the derivative of B with respect to absolute position x, dB denotes the standard deviation in the intensity at x, and h.i denotes ensemble averaging (henceforth omitted for clarity). As can be seen from Fig. 2 , C and D, the agreement between W Bcd /L and the above experimentally determined values of the relative positional error is good, with W Bcd /L increasing gradually toward midembryo. This analysis demonstrates that, as expected, the above formula for converting from the intensity fluctuations dB to the positional error W Bcd agrees well with our experimental data. Finally, we have repeated all of the above analysis using absolute scales, such as l, rather than scaled parameters such as L. In the Supporting Material, we demonstrate that such an approach does not significantly alter our results.
An altered profile for the Bcd gradient in nej embryos
Experimental quantification of the Bcd gradient in nej embryos
Drosophila CREB-binding protein (dCBP), encoded by nejire (nej), is a transcription cofactor that interacts with other DNA-binding transcription factors including Bcd (27) (28) (29) (30) (31) . To investigate the role of dCBP during development, we analyzed the Bcd gradient in embryos from females with nej 1 germline clones (referred to as nej embryos). To ensure a direct comparison, nej embryos were stained side-by-side with wt embryos and high-resolution digital images captured in the same imaging cycle as wt embryos. As in wt embryos, we extracted raw Bcd intensities from these images and plotted the mean profiles (with the average background subtracted) as a function of x/L for the early and late subgroups (Fig. 1, A and B) . Between 0.19 < x/L < 0.49, both profiles were well fitted by an algebraically decaying profile of the form (where
with a best fit value of n ¼ 2.7 5 1.2 (see the Supporting Material), and with a n ¼ 0.90 5 0.03, x 0 /L ¼ 0.201 5 0.006 (early), and a n ¼ 0.78 5 0.02, x 0 /L ¼ 0.208 5 0.006 (late). We note that other functional forms (e.g., an exponential plus a constant or the sum of two exponentials) can also give good fits. Therefore, we do not imply that the underlying gradient is truly algebraic, but merely show that the Bcd profile in nej embryos is altered from the wt exponential and that an algebraic profile is an excellent fit to our data. Examining fluctuations in the constituent parts of the algebraic profile is straightforward, so below we will use this algebraic fit to dissect the noise in the Bcd gradient from nej embryos. Important to note: using alternative fits to analyze the nej profiles does not alter our conclusions. For example, we have confirmed that using B ¼ B 2 e -x/l þ b does not alter our results, in particular the relative importance of internal and external fluctuations (data not shown).
Fluctuations in the Bcd profile in nej embryos
The standard deviations of the measured (background-subtracted) Bcd intensities dB as a function of x/L for the early and late subgroups of nej embryos are shown in Fig. 2, A and B. To calculate the Bcd gradient variations in these embryos, we extended our theoretical studies using external embryoto-embryo fluctuations in a n and x 0 /L, internal fluctuations due to the finite Bcd copy number, and noise in the experimental measurement process. Our analysis revealed that a n and x 0 were not independent variables, but rather a n ¼ a n ind g (x 0 /L), similar to the dependency between B 1 and l/L in the wt case (see also Fig. S2 C) . For conciseness, calculation details of the intensity variance in the nej embryos are given in the Supporting Material but the approach taken is similar to the wt case discussed above. The relative intensity fluctuations dB/B in nej embryos are given by (recall y ¼ x/L -0.19 and
where c ¼ 0.16 5 0.05 is a constant related to the measurement noise and a 2 (representing the a n -x 0 /L correlation), dy 0 /y 0 , da ind n /a n ind , and V are fitting parameters. Again, as in Eq. 2, the intensity variance is a function of position. Fig. 2 , A and B, shows the fitting of Eq. 5 to the experimental data. In the Supporting Material, we discuss the measurement noise and outline our procedure for fitting the observed fluctuations in the nej data along with the parameter values; similar to the wt data fitting, we take care to ensure that we are not overfitting the data.
Internal noise is again very important for fitting the Bcd staining data in nej embryos, making up 76% (early), 52% (late) of the overall variance (dB) 2 at x/L ¼ 0.43, as compared to 19% (early), 45% (late) for external fluctuations, and 5% (early), 3% (late) for measurement noise. To analyze the positional precision of the Bcd profiles in nej embryos, we determined relative positional error both experimentally, using the same method as for wt embryos (Fig. 2, C and D) and theoretically, using Eq. 3 and Eq. 5. Our analysis reveals that the positional error W Bcd /L in nej embryos becomes considerably higher near mid-embryo than in the wt embryos, even though their respective values are comparable near the anterior (Fig. 2, C and D) . Precision of Morphogen Gradientsintensities dB. However, the local mean Bcd intensity slopes in wt and nej embryos are different around this position by a factor of~2 (see Fig. 2, E and F) . Our analysis, therefore, traces back the origin of the increased positional error to the decreased slope of the Bcd gradient in nej embryos. These results support the hypothesis that in nej embryos it is the new profile's increasing flatness that dictates the increased positional errors around mid-embryo.
Increased Hb variations in nej embryos
To evaluate the biological consequences of a gradient with increased positional errors, we conducted experiments to directly measure Hb intensities in wt and nej embryos (Fig. 3, A and B) . In our experiments, we used anti-Bcd and anti-Hb antibodies for simultaneously detecting their respective intensities in individual embryos to facilitate the assessment of the relationship between Bcd and Hb. In our analysis of Hb intensity, we used the parameter x Hb , which is the A-P position where Hb intensity is halfmaximal, to describe the boundary of the Hb domain near mid-embryo (referred to as the Hb boundary for short) at early nuclear cycle 14. We find the mean Hb boundary is positioned at 0.43 embryo length (EL) for the early subgroup and at 0.45 EL for the late subgroup of wt embryos (also see (32) for a posterior movement of the Hb boundary position). In nej embryos, the mean Hb boundary is at 0.42 EL (early) and at 0.46 EL (late). Furthermore, our results show that, at early nuclear cycle 14, x Hb exhibits a higher variability in nej embryos than in wt embryos: standard deviation W Hb /L ¼ 0.013 5 0.003 and 0.016 5 0.003 for the early subgroup of wt and nej embryos, respectively, and W Hb /L ¼ 0.011 5 0.003 and 0.022 5 0.005 for the late subgroup of wt and nej embryos respectively (see Fig. 3 , insets, for measured positional errors of Hb profiles near the boundary position). At early times, W Hb is slightly larger in nej embryos compared to wt. However, at late times we see clear and statistically significant differentiation in W Hb between the wt and nej mutant. These results illustrate a deficiency of nej embryos in making precise developmental decisions near midembryo along the A-P axis.
Theoretical modeling and parameter estimation for precision of Hb boundary
To further analyze the relationship between the Bcd gradient properties and its target activation, we conducted theoretical modeling of the Hb boundary precision, where we assumed that the sole input to hb gene expression is from Bcd. This assumption is, of course, an oversimplification of the system as hb expression is also subject to gap gene cross-regulation and Hb autoactivation (24, 33, 34) and, furthermore, our analysis does not model an experimentally observed correlation between l and the Bcd intensity at the Hb boundary position in wt embryos (6) . Hb expression in early embryos is a dynamic process driven by two hb enhancers that respond to distinct sets of inputs-a Bcd-dependent enhancer and a Bcd-independent enhancer that responds to Hb itself and other gap gene products (35, 36) . The Bcdindependent enhancer is responsible for the parasegment 4 (PS4) expression stripe (see Materials and Methods in the Supporting Material). Because the PS4 expression stripe only becomes detectable in the late subgroup of embryos in our study (see Fig. 3 B and compare with Fig. 3 A) , the Hb boundary in the early subgroup should reflect primarily the expression domain driven by the Bcd-dependent hb enhancer. Although additional factors such as regulation by other gap genes and Hb self-regulation play a role later in cycle 14, the dominant source of error in Hb positioning in our study is likely to come from fluctuations in the Bcd gradient. 
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Calculating Hb boundary precision In our theory, the Hb boundary positional error is dictated by three statistically independent contributions: the external fluctuations in B 1 ind and L (or a n ind and x 0 /L) as discussed above, and the Bcd internal fluctuations that we discuss further here. Due to the steepness of the Hb profile around mid-embryo, internal noise in the Hb profile itself and imaging/processing/background noise in measuring the Hb intensity have little effect on the observed Hb boundary precision (see the Supporting Material). In our model, Bcd is sampled at the Bcd-responsive hb enhancer region in order to drive hb gene expression. The instantaneous internal fluctuations generated by the random diffusive arrival statistics of Bcd will be Poissonian, and, as the Bcd binding sites are so small (on the length scale of nanometers), these fluctuations are expected to be very large. To reduce these fluctuations, our model allows the system to perform time and/or spatial averaging (5, 25, 37, 38) . Time averaging over a period t is provided by the lifetimes of the downstream mRNA/ protein products and is assumed to reduce the effect of internal noise by an amount proportional to 1= ffiffi ffi t p (5,25). Similarly, spatial averaging over N spat neighboring nuclei, for example by diffusion of Hb (37, 38) , is assumed to reduce the effect of internal noise by (19) 1= ffiffiffiffiffiffiffiffiffi N spat p ; where N spat f t. These averaging processes are very different from our experimental and theoretical treatments directly on the Bcd intensity data: due to the instantaneous nature of data acquisition from fixed embryos, there was no time/spatial averaging but the Bcd fluorescent intensity was sampled in a much larger, nuclear volume. Combining these contributions, we find the positional error of the Hb boundary due to internal fluctuations in the Bcd morphogen profile is (13, 25) 
where Dx is the linear size of the DNA binding target, f conv is the conversion factor between measured intensity and concentration, D 0 is the local diffusion constant in or around the nuclei, N spat ¼ CD 0 t results from spatial averaging (37) with C a constant that depends on the particular spatial distribution of nuclei (19) , and k 3d is a constant associated with time averaging, determined numerically (13) . f conv is deduced from Gregor et al. (19) by comparing our measured intensity for Bcd at the Hb boundary with the threshold concentration found in Gregor et al. (19) . Parameter values are listed in the Table S5 in the Supporting Material.
In nej embryos, fluctuations in a n ind and x 0 /L contribute to the observed error in the Hb boundary along with internal fluctuations. The formula corresponding to Eq. 6 for nej embryos is (13)
We can now deduce the total error in determining the Hb boundary for the wt and nej embryos,
where W ext ¼ dB ext (x)/jB 0 (x)j is the positional error due to fluctuations in B 1 and L (or a n and x 0 /L).
Estimating the averaging time
The only parameter that we do not have a good estimate for is the averaging time, t. To estimate its value, we consider three experiments where Bcd is known to be the primary or sole activator of gene expression.
First, the effects of gap gene cross-regulation had been experimentally removed in Kr;kni double mutants with a Hb boundary of 0.47 5 0.022 EL (24) . Next, we measured the expression boundary (0.48 5 0.020 EL) of a hb-lacZ reporter driven by the Bcd-dependent hb enhancer that was suggested to be insensitive to gap gene cross-regulation (20) . Finally, a synthetic reporter gene with only three Bcd binding sites (thus with the Bcd activator gradient being the sole input) had been previously shown to have an expression boundary of 0.29 5 0.016 EL (39) . By using our theoretical approach, including averaging in both space and time, an averaging period of 10 min 5 5 min was found to replicate the above experimental observations with our late subgroup data set, as appropriate for the experimental embryos (the computed positional error at 0.47, 0.48, and 0.29 EL was found to be W Hb /L ¼ 0.024 5 0.013, 0.025 5 0.013, and 0.018 5 0.009). Importantly, the averaging period found theoretically is comparable to the timescale of nuclear divisions in early Drosophila embryos.
The demonstrated agreement between experimental and theoretical precision values suggests that our model is capable of recapitulating correctly the positional precision when Bcd is the only activator input. We note that significantly longer averaging periods could further increase precision but they are inconsistent with the known timescales of nuclear divisions in early Drosophila embryos. Our modeling analysis also supports a role for spatial averaging over neighboring nuclei: without this effect, W Hb /L would be increased~3-4-fold in our model and the system would be unable to attain the required levels of precision within a timescale constrained by nuclear divisions in early embryos. We also find that, although the contribution of internal noise is significant, the external components of the fluctuations contribute more (74%, 74%, and 83%) to the variance (W Hb /L) 2 at the above respective positions of 0.47, 0.48, and 0.29 EL, with the remainder arising from internal noise. The relatively small contributions of internal noise to the calculated positional errors of the domain boundaries of Bcd targets demonstrate that time and spatial averaging are highly effective processes in reducing the impact of the internal noise. We discuss other possible sources of noise in the Supporting Material.
Comparison of theoretical and experimental data on Hb boundary precision in wt and nej embryos Using the above experimental data, we have specified our model parameters, including the averaging period t. We can now predict the positional error of the Hb boundary in wt and nej embryos and compare it with the experimental data for Hb boundary precision that was not used in our above-discussed fitting. 1. Our calculated widths are overestimates in all cases, consistent with the fact that our current model does not incorporate other effects that may also influence Hb boundary precision (6, 24, 34, 36) ; see also below)). 2. Although the measured values deviate from our theoretical values by~10-50%, the theoretically predicted widths are already very small, suggesting a high level of precision of the positional information encoded by the Bcd gradient alone. 3. Our theory predicts that precision is higher in wt embryos than in nej embryos for both the early and late subgroups. According to our interpretation, this effect is due to the flatter Bcd profiles in nej embryos. 4. Our theory predicts that positioning is less precise in the late-versus-early subgroups, as a result of all the profiles becoming flatter over time in both wt and nej embryos. This prediction, however, contradicts experimental data of wt embryos, where x Hb in the late subgroup is actually more precise than in the early subgroup. Even for nej embryos where x Hb in the late subgroup is less precise than in the early subgroup, the predicted width for the late subgroup is significantly higher than the experimental data. Because the Bcd-independent hb enhancer driving the PS4 stripe effectively integrates the inputs from gap gene cross-regulation and Hb autoactivation (35, 36) , we suggest that the timing of PS4 expression is critically important to the system. Specifically, as the positional errors of the Bcd gradient begin to rise (in late subgroups), the Hb boundary maintains and further refines its precision by relying on additional available inputs such as gap gene products through a distinct hb enhancer. The more pronounced Hb boundary variations in late nej embryos (than in early nej embryos) suggest that dCBP may also play a role in such maintenance/refinement mechanisms. 5. Finally, we find that, in most cases, the dominant contribution to the target boundary variations is external noise, which in wt embryos comprises 66% (early), 74% (late), and in nej embryos 56% (early), 80% (late) of the variance (W Hb /L) 2 . Internal noise makes up the remaining contribution.
Distinguishing the effects of an altered gradient profile from a transcriptional defect dCBP is a Bcd coactivator that is important for transcription (30, 31) , so it is critical to determine whether the observed decrease in Hb boundary precision in nej embryos is a consequence of an altered Bcd gradient profile or a defective transcription process. To directly differentiate between these two possibilities, we investigated Otd, another target of Bcd (39, 40) with an expression domain boundary at 0.26 EL (for both wt and nej embryos).
We first calculate the expected precision of the Otd boundary using a similar analysis as for Hb, where we assume that the only relevant difference between the wt and nej embryos is in the altered Bcd profile. To calculate the positional precision of the Otd domain boundary (referred to as Otd boundary for short) we make the following assumptions: the time-averaging period for Hb and Otd is similar; the effective sizes of the appropriate DNA binding regions for Bcd are roughly equal; and we include spatial averaging. These results show that, unlike the Hb boundary, the expected Otd boundary position has comparable precision in wt and nej embryos. This is because, unlike at the Hb boundary position, both wt and nej embryos have similarly steep Bcd intensity profiles (see Fig. 1 ) and comparable density fluctuations at 0.26 EL. These predictions can be contrasted to a competing hypothesis that nej embryos have a global defect in transcription-an effect that would increase positional errors at both the Hb and Otd boundary positions. To distinguish between these possibilities, we conducted costaining experiments side by side to simultaneously detect Hb and Otd in wt and nej embryos at early nuclear cycle 14 (see Fig. 4 ). Unlike x Hb , which is more variable in nej embryos (W Hb /L ¼ 0.018 5 0.003 (wt), 0.027 5 0.004 (nej)), the precision of the Otd boundary position was similar in nej embryos as compared to the wt (W Otd /L ¼ 0.016 5 0.003 (wt), 0.015 5 0.002 (nej); see Fig. 4, inset) . These experimental values provide no evidence to support a global decrease in positional precision in nej embryos, as would be expected for a global transcriptional defect relevant to the boundary precisions that we measure. On the contrary, they support our conclusion that the loss of positional precision of Bcd targets in nej embryos is a position-dependent defect associated with an altered Bcd gradient profile.
DISCUSSION
The morphogen concept, which arose initially from theoretical considerations (41) , represents a fundamental Biophysical Journal 99(3) 697-707 framework that has guided thinking and experimental investigation of developmental processes. Up until now, only a limited number of morphogen gradients have been experimentally observed and quantitatively characterized. The experimental and theoretical studies presented in this report reveal important insights into how the profile of a morphogen gradient affects the precision of its positional information. Although it is clear that the positional information provided by the gradient depends on the density fluctuations and slope, it is not immediately obvious that the target boundary precision must depend sensitively on these parameters because the precision of target responses could, in theory, be achieved mainly through other means such as downstream crossregulation (here via the gap genes). Data presented here and elsewhere shows that the readout machinery is actually very precise (37, 38) , such that the precision of the output (domain boundary position) depends sensitively on the Bcd input precision. Hence, the gradient density fluctuations and slope feed through directly into the precision of target domain boundaries.
Our results described in this report show that the Bcd gradient in nej embryos has a reduced ability, as compared to the wt gradient, in conferring precise positional information, particularly toward mid-embryo. Although the fluctuations in Bcd intensities dB are similar in both cases near mid-embryo, an increasing flatness of the Bcd profile in nej embryos leads to increasing positional errors. We note that, because dCBP is a cofactor important for Bcd and other transcription factors (27) (28) (29) , we cannot formally rule out the possibility that Hb boundary variations in nej embryos are caused by other defects in addition to the increased positional errors of the Bcd gradient. The contrasting behaviors of Hb and Otd in nej embryos suggest that perturbations in the Bcd gradient profile in nej embryos are primarily responsible for the increased errors of the Hb boundary position, as opposed to a global defect in transcription relevant to the our current analysis.
How precise expression patterns of Bcd targets are achieved in embryos remains highly controversial. According to one hypothesis, advanced by Gregor et al (5) , the positional information provided by the Bcd gradient is highly precise. Currently, the only available experimental evidence that a precise Bcd gradient is necessary for precise target expression comes from a study of stau embryos, in which increased Bcd profile variability directly leads to increased Hb expression variability (6) . However, the positional information encoded by the Bcd gradient in wt embryos, although precise, may still not be precise enough-leading to the suggestion of the operation of additional mechanisms (6, 24, 42) . In this article's theoretical model, the predicted values of target boundary variations are in good agreement with experimental data but remain generally larger than observed even with the proper consideration of space and time averaging. To further increase precision, we would need to include additional processes such as gap gene dynamics (42) . However, theoretical work has found that the inclusion of (simplified) gap gene dynamics does not alter the qualitative conclusions from our model regarding the relative importance of sources of noise in limiting Hb precision (20, 23) . Hb autoactivation may also play an important role in Hb dynamics (43) , but such a mechanism is likely to affect the steepness of the Hb boundary rather than the precision of its positioning (43) . We note that the most important comparisons relevant to our conclusions are made between wt and nej embryos. Although additional factors, such as gap genes, will increase Hb boundary precision in both cases (6, 24) , they are unlikely to alter our conclusions regarding the relative advantages of the wt Bcd profile over that in nej embryos. Our comparative evaluations described in this report, both experimental and theoretical, provide a further demonstration that the precise positional information encoded by the wt Bcd gradient is necessary for the precise target expression patterns during development.
An important finding of this work is the identification of an altered Bcd gradient profile in nej embryos, allowing us to conduct comparative analyses with its counterpart in wt embryos. We currently do not know exactly how this new gradient profile is generated dynamically. Although dCBP can physically interact with Bcd (31), it is currently unclear whether such an interaction may influence the pathways or kinetics of Bcd degradation. We emphasize that our inability to describe the dynamic formation of the Bcd profile in nej embryos (in fact, a recent study (21) questions the commonly accepted view on the formation of the wt Bcd gradient) should not alter our conclusions because our theoretical analysis does not require assumptions about the dynamics of gradient formation. Indeed, repeating our analysis with an alternative functional form for fitting the nej data does not alter our conclusions. The key point is that our analysis and conclusions are derived directly from the shape of the Bcd profiles, not the processes that formed such profiles.
The analysis described in this report has also allowed us, for the first time, to our knowledge, to dissect the errors in positional information provided by morphogen gradients into their component parts, both internal and external. Somewhat surprisingly, for the Bcd staining data, we found that the internal noise was the most important contributor to its positional error close to mid-embryo. Conversely, for the Hb boundary position, we found that external fluctuations have a typically dominant effect on its precision, with only a lesser contribution from internal noise. The latter result highlights the vital importance of both time and spatial averaging in reducing the impact of internal fluctuations on target precision. Overall, it appears that the fluctuations in the Bcd gradient itself are dominated by internal fluctuations, but, due to effective averaging mechanisms downstream, the precision of the Hb boundary is limited predominantly by external variations. Our results underscore the importance of careful considerations of both embryo-to-embryo and internal biochemical variations in morphogen concentration as we aim to gain a full understanding of boundary specification and pattern formation in the early Drosophila embryo.
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